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Abstract. We consider skew-products of quadratic maps over certain Misiurewicz-Thurston 
maps and study their statistical properties. We prove that, when the coupling function is a 
polynomial of odd degree, such a system admits two positive Lyapunov exponents almost 
everywhere and a unique absolutely continuous invariant probability measure. 

1. Introduction 

A quadratic polynomial Q c (x) = c — x 2 (l < c < 2) induces a unimodal map on the 
interval [c - c z ,c]. If the critical point is strictly pre-periodic under iteration of Q c , then 
we say that Q c is Misiurewicz-Thurston. These maps are the simplest non-uniformly ex- 
panding dynamical systems, and their properties are well understood. See for example 181 . 
When considered as a holomorphic map defined on the Riemann Sphere, the complex dy- 
namics generated by Q c is also exhaustedly studied. In this article, we shall make use of 
its subhyperbolicity as was studied in, for example, ||6] §V.4] or §19] . 

In Viana ifTTl . Misiurewicz-Thurston quadratic polynomials were used to construct non- 
uniformly expanding maps in dimension greater than one. He considered the following 
skew-product 

G : (R/Z) x R O, (6,y) h> (d ■ 6, Q c (y) + a sm(2jr0)), 

where d > 16 is an integer, and Q c (l < c < 2) is Misiurewicz-Thurston. He proved that 
G has two positive Lyapunov exponents almost everywhere, provided that a > is small 
enough. The assumption that d > 16 was weakened to d > 2 in Q. See also fJ| for a 
similar result in non-integer case of d. 

In Schnellmann [ 10], the following skew product was considered: 

& : [a -a 2 , a] xR O , (x,y) h-> (g(x), Q b (y) + cc(p{x)), (1) 

where g = Q™ 1 , Q a (l < a < 2) and Qb(l < b < 2) are Misiurewicz-Thurston, and m\ is 
a large positive integer. For certain coupling function <p, with singularity and depending 
on a, the author proved that & has two positive Lyapunov exponents almost everywhere, 
provided that a > is small enough. 

In this paper, we shall also consider systems in the form of (JlJ, but the coupling function 
(p will be taken to be a nonconstant polynomial independent of a. The main result is the 
following: 

Main Theorem. Let Q„(l < a <2) and Qb(l < b < 2) be Misiurewicz-Thurston and let <p 
be a polynomial of odd degree. Assume also that Q a is topologically exact on [a — a 2 , a]. 
Then there exists a positive integer mo — mo(a) such that for each positive integer m\ > Mq 
the following holds: For any a > sufficiently small, the map & defined in ([7J has two 
positive Lyapunov exponents. Moreover, & has a unique invariant probability measure 
that is absolutely continuous with respect to the Lebesgue measure. 
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Remark. The assumption that <p is of odd degree seems quite artificial. Unfortunately, in 
our argument, this assumption cannot be fully gotten rid of. See the proof of the claim in 
Lemma l2~6l and the remark after that lemma for details. 



We shall use many ideas appearing in the works cited above. In particular, we choose 
too large enough, so that the map & is partially hyperbolic, i.e. the expansion along the 
x-direction is stronger than the y-direction. The exact choice of too will be specified in ([5j, 
at the end of §|XT] 

To better visualiz e the partial hyperbolicity, we shall introduce a conjugation map u : 



[a - a ,a] — > I a in 5 2.2 so that the conjugated map Iiq — u o Q a o u~ : I a O becomes 
uniformly expanding. Our construction of u is based on subhyperbolicity of Q a near its 
Julia set. A similar construction, using instead the absolutely continuous invariant density, 
was used in [lOj. We shall show that iC x and inverse branches of ho have very nice ana- 
lytic properties, see Lemma 2.3 Then the map & defined in ([T} can be conjugate to the 



following map F via u x idj 

F:I a xRO , (0,y)^(h(e),Q b (y) + ami (2) 

where h = h™ 1 and (f> = <p o u~ x . We shall prove the equivalent statement of the Main 
Theorem for F instead of J£". An important advantage of this construction is that in the 
0-coordinate, the derivative of an admissible curve, i.e., the image of a horizontal curve 
under iteration of F, can be approximated by an analytic function aT, for some T chosen 
from a certain compact space of holomorphic maps. 

The basic strategy to prove our Main Theorem for the system F is the same as that in 
previous works IfTTl 151 [TOl . The main effort is to control recurrence of typical orbits to 



the critical line y = 0, see Proposition 4.3 This proposition, together with the "Building 



Expansion" Lemmas in IfTTl . which are summarized in Lemma 2.7 implies that F is non- 
uniformly expanding in the sense of [3 1, and hence the results proved therein complete the 
proof of our Main Theorem. 



Following Viana's original argument, Proposition 4.3 is reduced to showing that under 



iteration of F, a horizontal curve becomes non-flat and widely spreads in the y-direction. 



In our argument, these two properties are obtained in Proposition 3.1 and Lemma 4.1 



respectively. Lemma 2.6 serving as an intermediate step, is proved by combining subhy- 
perbolicity of Q a with the super attracting behavior of Q a near infinity. 

It remains an interesting open problem whether the statement of our Main Theorem 
holds for (a, b) chosen from a positive subset of [1, 2] x [1,2). 



2. Preliminaries 

2.1. Subhyperbolicity of Q a . Let us review some useful properties of the complex dy- 
namics of the Misiurewicz-Thurston quadratic polynomial Q a (l < a < 2), which are well 
discussed in many literatures, see for example J6l §V.3] or J7] §19]. 
Denote the post-critical set of Q a by PC a , i.e. 

PC a = { (E(0) : n > 1 } . 

Denote the Julia set of Q a by ST a - Since Q a is Misiurewicz-Thurston, its Fatou set C\ST a 
coincides with the attracting basin of infinity. Therefore, we can fix some R - R(a) > 0, 
and denote V a = { z e C : \z\ < R }, such that 



J a cV a and Q- l (V a )cV a . 
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An important feature of Q a as a Misiurewicz-Thurston map is the so-called subhyper- 
bolicity. That is to say, there exists a conformal metric p a (z)\dz\ around J7n(with mild 
singularities at PC a ), such that with respect to this metric, Q a is uniformly expanding in 
some neighborhood of $ a . We shall give an explicit construction of p a (z) \dz\ below for 
further usage. For this purpose, let us start with the following lemma. Because this lemma 
can be essentially found in (SJ §V, Theorem 3.1] or J7] §19], we merely provide an outline 
of its proof. 

Lemma 2.1. For each Misiurewicz-Thurston Q a (l < a < 2), there exists a branched cov- 
ering n : B — » V a , where D denotes the unit disk in C, satisfying the following properties: 

(i) The collection of critical points of n is precisely equal to n {PC a \ and for each 
c e n (PCa), 7r"(c) + 0, i.e the local degree of n is constantly equal to 2 on 
n-\PC a ). 

(ii) 7T is normal. That is to say, n\B\7r l (PC a ) is normal as an unbranched covering, 
i.e. for each p s V a \ PC a , the covering transformation group of n\jj\„-i (pc a ) acts 
transitively on n (p). 

(iii) For each pair of points (p,q) in D with Q a (M.p)) — Qa can be lifted to a 
single-valued holomorphic map f :DO, which maps q to p. Moreover, c € O is a 
critical point oft precisely if n(c) € PC a \{a) and n(t(c)) £ PC„. Besides, once 
f'(c) = 0, then ?'(£) + 0. 

Sketch of Proof. Fix q € V a \ PC a as a base point. For each v e PC a , let l v e ii\ (V a \ PC a , q) 
be represented by a simple closed curve based on q whose winding number around v is one 
and whose winding number around V is for each v' e PC a \ {v}. Then n\(V a \ PC a , q) is 
the free group generated by { } veP c ■ Let G be its normal subgroup generated by {ly} v£ pc a - 
Then there exists a normal unbranched covering n : D/G — > V a \ PC a . For any small 
disk B(v, r), v e PC a , each connected component of n~ l (B(v, r) \ {v}) is a punctured disk, 
and the restriction of n to it is a double covering. By filling up the punctured points into 
D/G, it is easy to verify that n can be extended to a branched covering from some simply 
connected Riemann surface to V a . Since V„ is hyperbolic, we obtain a branched covering 
jt : D — > V a . According to the construction of n, assertions (i) and (ii) hold automatically. 

Because Q a has a unique critical point with Q'^(Q) + 0, the construction of n exactly 
guarantees that Q~ l can be locally lifted to a holomorphic map from D to D with respect to 
7r. Since D is simply connected, the global existence of the lift follows from monodromy 
theorem. It remains to check the statement about critical points of f . Since Q a o n o f = n 
and since n'(c) = implies that tt"(c) + 0, c is a critical point of f if and only if c is a 
critical point of n and f (c) is not a critical point of Q a o n. The conclusion follows. □ 

Let Pd(w)| d w\ be the standard Poincare metric on D, where po(w) = H^p . By (i) and 



(ii) of Lemma 2.1 Pd(w)| dw| can be pushed forward by n to V a , which induces a metric 



p a (z)\dz\ on V a , i-e. 

pj}(w)=p a (.7c(wW(w)\, VweD\7r- 1 (PC fl ). (3) 
Therefore, p a is is a strictly positive analytic function on V a \ PC„, and it has a singularity 
of order \z - vp at v for each v e PC a . It follows that the function Pa f^f - |(8a)' '(z)l is 



actually continuous on Q a (V a ). Moreover, by (iii) of Lemma 2.1 and Schwarz lemma, it 
is strictly larger than 1 on Q~ l (V a ). In particular, since Q~ l {V a ) is a compact subset of V a , 

inf ^^l(G«)'(z)l > I- (4) 

zeQ- 2 (V a ) p a (z) 
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Here is the right position to specify our choice of mo in the statement of the Main 
Theorem. By definition, otq is the minimal positive integer such that 

C > 4. (5) 
By considering the derivative of Q a at its fixed point ; it follows that 

A a < Vl +4a - 1 < 2. 

_i_ 

For some technical reason, we shall also need a constant A a e (4™o , A a ). To be definite, let 

- A a + 4^ 

A n '. — . 

2 

Remark. In fact our argument is valid for a smaller mo. On the one hand, we can replace 
A a with a larger number jj a > 1, which only needs to satisfy that 

Pa(Q n a {x))\{Q n a )'{x)\>cy a -p a {x), Vie [ fl -fl 2 , fl ],V»> 1, 

for some C a > 0. On the other hand, the upper bound 4 of \Q' h \ can be replaced by some 
1 < Rb < 2, which only needs to satisfy that 

\((? b ] (y)\<C b R n b , Vy€4,V»>0, 

for some C;, > 0. See |5, Lemma 3.1] for the existence of Then to guarantee that our 
argument works, mo only needs to satisfy that 

AC > 

but several details will be more redundant. For simplification, let us work with the assump- 
tion A'" > 4. 

2.2. Expanding coordinates. Define 

u — u a : [a — a , a] — > I a , ih | p a (t) d t , 

Jo 

where 

l a := u([a - a 2 , a]). 
Let ho be the conjugated map of Q a : [a - a 2 , a] O via u, i.e. 

ho: l a ^> l a , h = m o g fl o uT x . 
Note that u(0) — is the unique turning point of &o. By definition, 

W (u(x))\ = ?^^-\Q a (x)\>A a , Vie[ fl - fl 2 ,4 (6) 

For every n > 0, let 

Q„ :- [a) c 7 a : to is a connected component of 7 a \ /! "(M(/ J C a ))}. 
Then {Q n }„> is a sequence of nested Markov partitions of ho. To piecewise analytically 
continue h^ 1 on each to e <2o, let us consider the following composition of maps 

ii : 7T _1 ([a — a 2 , a]) — > I a , P u{n(p)). 
Given a pair (wo,dL>i) e <2o x (3; with /!o(<wi) = wo, denote r = (AoLj) -1 , = 
i = 0, 1, and let cr : 7 — > ^i be the corresponding branch of Q~ l . For i = 0, 1, let (2>,- be an 
arbitrary connected component of 7r _1 (7,), and let f : w ( ) — * be the lift of cr via 7r. Then 
we have the following commutative diagram. 
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COo > tO\ 

4 1* 

Jo -^-> J, "> 



CO() > tO\ 

Lemma 2.2. For the notations introduced above, the following statements hold. 

(i) u can be analytically continued to a univalent holomorphic function on some open 
neighborhood of Gjq in D. 

(ii) t can be analytically continued to a holomorphic function on some open neigh- 
borhood of too in C. Moreover, c etoo is a critical point of t precisely if c e dtoo, 
c + u(a) and r(c) £ u(PC a ). Besides, once r'(c) = 0, then r"(c) + 0. 

Proof. Since u' = p a , by ([5]), u' > on Jo, and u is re al an alytic on Jq with singular points 



2.1 



of order i at both end points. Due to (i) of Lemma 2.1 n' + on Coo and n has critical 
points of local degree 2 at both end points of coq. Therefore, it is easy to see that assertion 
(i) holds. 

Since r = u o f o ir x on too, assertion (ii) follows immediately from (iii) of Lemma 
and assertion (i). 

□ 

Given a bounded interval / C R and £ > 0, let 

B f (/) = {zeC:dist(z, /)<£}. 

The following two lemmas are the main results of this subsection, which motivate us to 
replace g with h = u o g o u~ l as, our base dynamics for taking advantage of nice analytical 
properties of h~ l . 

Lemma 2.3. There exist £ > and D^, > 0, V/ > 1, such that the following statements 
hold. 

(i) Given to € Qo, m~'L can be analytically continued to a holomorphic function on 

(ii) Given (loq, to\) e QqxQ\ with ho{to\) — too, (^oLj) - can be analytically continued 
to a holomorphic function t on B^too) and \t'\ < A a l on B^itoo). Moreover, for 
each < < £, and each interval I C too, f(B^(I)) C B^(t(I)). 

(iii) Given n > 1 and (too, w„) € QqxQ„ with h' \to n ) — too , W!L„) can be analytically 
continued to a holomorphic function r„ : B^(too) — > B^(to n ). Moreover, 

sup \rf(z)\<D € /x2 n , W>1. (8) 

zeB f (£i) ) 

Proof. Let w be an arbi trary connected component of u~ l (cS). Then = no (Sl^)" 1 on w, 
and hence (i) of Lemma 2.2 implies that u~ l can be analytically continued to a holomorphic 



function on some open neighborhood of to in C. Since <3o is a finite set, assertion (i) holds 
for some £ = £i > 0. 



On the one hand, according to (ii) of Lemma 2.2 (ZioL,) 1 can be extended to a holo- 
morphic function r on some open neighborhood of to~o~. On the other hand, (|6| implies that 
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|t'| < A a 1 < A a 1 on luq. Noting that Qq x <3i is a finite set, there exists £2 > 0, independent 
of (u>o,cl>i), such that r is holomorphic on B^ 2 (a>o) and |r'| < A a 1 on B^ 2 (cl>q). For each 
< < ^2 and each interval / c coq, B^(I) is a convex subset of B^(u>o). It follows that 
|t'| < ' < 1 on Bp(T), and consequently t(B^(/)) c B^(t(I)). This completes the proof 
of (ii) for£ = £ 2 - 

Consider (ZigLJ -1 as a composition of n copies of h Q l and apply (ii) repeatedly for £ = 
£2- Therefore, it can be extended to a holomorphic function t„ : B^(ioq) — > B^(aj„) and 
|r^| < A a " on B^(wo)- Take £ = min^, y), so that both (i) and (ii) hold simultaneously. 
<|8j follows from Cauchy's estimate. □ 

Lemma 2.4. There exists Cd > 0, such that for any to„ € Q„(n > I) and any measurable 
set E c u>„ , we have 

\E\ 

C~ d x ■ \ti Q \E)\ 2 <^-<C d - \h" (E)\. (9) 
\<o„\ 

Proof. Let N = N(a) > 1 be the minimal integer such that for each a> e Q N , dto contains 
at most one point in h Q l (u(PC a )). For each n > 0, denote Q„+n by Q„. It suffices to prove 
the lemma for {<2„}„>o instead of {<2„}„>o, because of the reasons below: 

• there exists an integer M = M(a), such that for each n > 0, every element in <3„ is 
a union of no more than M elements in <3„ with a finite set; 

• once the left inequality in ^ has been proved for {<2„}„>o, it follows that there 
exists p > 0, such that for every n > and every pair (at, at) e <3„ x Q„ with 
a> c a>, we have |w| > p\u>\. 



To begin with, recall the statement in (ii) of Lemma 2.3 , which says that, for each 
pair (Jq,J\) e Qo x Qi with ho(Ji) = Jo, (^oU) can be extended to a holomorphic 
function ( : B^(Jo) — > B^(Ji). Moreover, for each < £,' < and each subinterval / of 
Jo, £(B^(I)) c (£(/)). By the choice of Qq, 8Jq Pi u(PC a ) contains at most one point. 



According to (ii) of Lemma 2.2 we can fix < f <£, small, independent of (Jo, Ji), such 
that: 

• if dJo n u(PC a ) = {c}, c + u(a) and ((c) i PC a , then c is the unique critical point 
of ^in B e (Jo) and C'(c) + 0; 

• otherwise, £ : B^(Jq) — > B^(J\) is univalent. 

Given a>„ e Q„, for each < i < n — 1, let w, = /i[p'(dL»„), let J, be the unique element in 
Qo containing a>i, and let £ : B^(7,_i) — > B^(Jj) be the analytic continuation of (AoL,) ■ 
Then (/JqL,,) can be extended to a holomorphic function t„ : B^(a>o) — > B^(a>„), where 
t„ = o ■ ■ ■ o . To proceed, a classified discussion of the possibility of {du>j n u(PC a )}" =Q 
is needed. There are four cases. 

1. du>o C\u(PC a ) = 0. Denote <x„ = u~ l ot„o« = (Q'a\ u -'(ai„)) 1 ■ Let 7 be the element 
in Qo containing <dq. By definition, cr„ can be extended to a univalent holomorphic 
function on C„-i (y) := (C \ R) U tt -1 (/). For each 5 > 0, denote #5(^0) n R by 
Since (u~ 1 )' + on J and since <3o is a finite set, there exists 60 > 0, independent of 
u>o, such that m~' can be extended to a univalent holomorphic function on Z?2<5 (wo), 
which satisfies that c 7 and u^ x (B2s (coo)) C C ir ] ( y). Thencr„oM _1 is univalent 
on Z?2a (wo), so by Koebe distortion theorem, the distortion of cr„ o u^ 1 on Bs (a>o) 
is only dependent on 60. It follows that there exists C > 0, determined by 5q only, 
such than for either component of cr„ o u~ l (Ig \ u>o), its length is no less than 
C ■ |m _1 (w„)|, where u~ l (a>„) = cr n o M _1 (<y ). Also note that cr„ o u~ l (I Sa ) does not 
intersect PC a , the singular set of u. Because all the singularity points of u are of 
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square root type, we can conclude that there exists e > 0, only dependent on 6q, 
such that u can be extended to a univalent function on B € (iC x (co n )). Since cr„ o iC x 
has bounded distortion on B$ (a)o), finally we can find < 6 < 6q, determined by 
e only, such that t„ — u o cr n o uT x is univalent on Bs{cl>q). Then the conclusion 
follows from Koebe distortion theorem. 

2. du)„ n u(PC a ) + 0. Then by the choice of £ : — > B^(Jj) is univalent, 
VI < z < «. Therefore, r„ : B^(a>o) — > B^(a> n ) is univalent, and hence the 
conclusion also follows from Koebe distortion theorem. 

3. There exists 1 < z < n, such that € du-,. Then dcoj Pi u(PC a ) consists of a unique 
point Q' a J (Q), j = 0, 1, . . . , z, and according to the definition of Qo, JiC\u(PC a ) = 0. 
Therefore, £ o ■ ■ • o fj : B^(a>o) — > B^(a>i) is in the situation of Case 2, i.e. it is 
univalent; o ■ • • o : B^(Jj) — > B^(J„) is in the situation of Case 1, so it is 
univalent on Bg(Ji). As a result, for 5' = min(^',5), r„ is univalent on B s >(a> {) ). 
Once again, the conclusion is implied by Koebe distortion theorem. 

4. There exists 1 < i < n, such that 3a),_i C\u(PC a ) = {c}, c + u(a) and da)iC\u(PC a ) - 
0. Note that £i(c) e du>jr\h Q l (u(PCa)) c <9/,, by the definition of <3o, which implies 
that dJir\u(PC a ) = 0. On the one hand, by the choice of f , £ : % (/;-i) -> 

has a unique critical point c with £"(c) ^ 0. It implies that there is a constant 
C > 1, only dependent on such that for every measurable set E, c w,, we have 

c _i I W)l 2 < § <c w§ 

|w/_i| 2 ~ \0)i\ ~ \0)i-i\ 

On the other hand, similar to the discussion in Case 3, £_i o • • ■ o £ : B^(a>o) — > 
B^{(jJi_\) is in the situation of Case 2, and o • ■ • o £ +1 : Ba(Ji) — > B^(J n ) is in 
the situation of Case 1. Then by Koebe distortion theorem, there exists a constant 
C > 1, only dependent on (5', such that for any measurable sets c o> f _i and 
Z?„ c w„, 

|W„| \LOj\ 

Combining the estimates above, (|9|l follows in this case. 



2.3. Backward shrinking of Q a . For further usage, let us give some detailed estimates 
on the accumulation rate of points in C \ STa to J'a under iterated action of Q a 1 . 

Lemma 2.5. For each m e N, there exists K m > 0, such that the following statement holds. 
Let zo G C \ STa and Zi '■— Q""(zo), Vz > 0. Assume that z n t V a for some n e N and let o~ be 
the branch of Q~ mn with o~(z n ) — Zo- Then there are two cases: 

(i) Ifzi ( QaHVaX then 

kol < K m \z„\ r "'" and \cr\z„)\ < K m T mn U^ -1 • (10) 

(ii) Otherwise, there exists < i < n, such that Zj € Q^iVa) far < j < i and 
Zj i Ql X (V a) far i< j< n, then 

\o-'(z„)\ < K m 2- n ^A a mi \z n r^ ] - 1 . (11) 

Proof. Denote F m :- C \ Q^" 1 (V a ). Then F m is a forward invariant compact subset of the 
Fatou set of Q a . Note that on the Fatou set of Q a , cr can be conjugated to some branch of 
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zhz 2 ""' via the Bottcher coordinate about oo. In case (i), z, € F m , VO < i < n, and hence 
the conclusion follows from the compactness of F m . 

For case (ii), decompose <x into cr\ o <x 2 , where <j\ is the branch of Q~ m with cr\ (z,) = zo 
and o"2 is the branch of Qa with o"2(z„) = z,. Note that zy e F m when jf > i. Therefore, 
as in case (i), |<7^(z„)| nas an upper bound of order 2~'" ( "~ !) |z„| 2 ' _1 . To estimate |<x' 1 (z i )|, 
because z; = 2™(zo) e QaHVa)* we can a PPly jjj repeatedly to the orbit {Q^Zo)}"'^ 1 - As 
a result, 

P«(Zb)|ffl(Z()l ± K*Pabi\ 

Since z, e F „,, p a (z,) is bounded from above, so the conclusion in case (ii) follows. □ 

2.4. A family of functions. From now on, let us fix an arbitrary integer m\ > mo and 
choose g = Q™ 1 as our base dynamics. As mentioned in the introduction, we shall study F 
defined in |2} rather than & . Let us summarize some frequently used notations and their 
basic properties here. 

• A g := A™' e (4,2'"'] and h := n™ 1 = u o g o By definition, > A g on /„. 

• <p := (po u on 7 a . Without loss of generality, assume that \<f>\ < 1 on I a . 

• Ii, :- [- V2fo, y2b]. Qb maps //, to its interior. 

• Assume that a is sufficiently small, so that F maps I a x lb into itself. 

• P„ := <3 m ,„, Vn > 0. i.e. {!P„}„>o is a nested sequence of Markov partitions of h. 



• Denote F"(6,y) by (h n (ff), f»(8,y)). Due to (i) of Lemma [23] and the definition of 
F, for every wePo a nd every n > 1, f„ is real analytic on x R. 
Given a non-constant polynomial <p, let us introduce a family of functions as below, 
which is inspired by considering the a-linear approximation of the derivative of high F- 
iteration of a horizontal curve. The importance of this family will become clear later. See 
Lemma 13721 and Lemma |4~T1 



Definition 2.1. Given to e Po, an analytic function T : to — > R is said to be in the family 
T w , if there exist a sequence { to„ e P„ } with too = w an d « (&>n+i) = w„, > 0, and a 
sequence { c„ e R } with |c„] < 4 n_1 , Vn > 2, such that 

OO 

Tiff) = (<f> o Tl )'(0) + J] c„(cf> o r„)'(0) , V# € to, (12) 

«=2 

where t„ = (A'V) -1 . 

Since in ( jl2| , |c„| < 4' 1_I and |tJ,(0)| < the series always converges. Due to (|8j), 
actually eachT e T u extends to a holomorphic function defined on B^(to). 

All the useful properties of T are listed in the lemma below. The following notations 
are used in its statement. 

• to c denotes the unique element in Po containing 0. 

• (jl>£ c co c denote the only two elements in Pi with € dto^. 

• := (/j| u ±) are both defined on h{to+) = h(to~) e Pq. 
By definition, satisfy that 



u 1 o -rt o h o u : u 1 (to*) — > m (<J*) , x h-> — x. (13) 



Lemma 2.6. Lef ip be a non-constant polynomial. For each to e Pq, the family T u defined 
for <p, considered as a space of holomorphic functions defined on B^(to), is compact with 
respect to the compact-open topology. Moreover, 
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(i) There exist A n > 0, n = 0, 1, 2, . . ., such that for each T e T w , 

\T {n) (9)\ < A n , V<9 e oj, Vn > 0. (14) 

(ii) i To,. More specifically, there exist Iq e N and B > 0, such that for each T e T^, 

h-i 

^ \T {i) (9)\ > IB, S9 e w. (15) 

/=() 

(iii) If additionally, <p is of odd degree, then for each T € 7~ W( . and each D € [—4,4], 
the two functions 

T ± := tf+D-T)o if ■ (if)' € 7^) (16) 

are nof identical to each other. 

Proof. By ([8]) and ([l2ji, functions in the family To, are uniformly bounded on B^(oj). Then 
according to Montel's theorem, To, is a pre-compact subset of holomorphic functions on 
Bg(uj) with respect to the compact-open topology. On the other hand, in (JT2J, for each 
n > 1, there are only finitely many choices of t„, so by the definition of T w , it is also a 
closed subset. Therefore, is compact. Assertion (i) follows from the compactness of 
T w immediately. 

To prove (ii) and (iii), let us change back to the x coordinate from the 9 coordinate to 
make use of the complex dynamics of Q a on the whole Riemann sphere, (ii) and (iii) will 
be deduced from: 

Claim. Given J e ir'(!Po), let { o~ n }„>o be a sequence of real analytic maps defined on J 
with o"o = idy and g o o~„ — cr„_ l , Vn > 1, and let { c„ }„>] be a sequence of numbers with 
\c n \ < 4", Vn > 1. Then 

OO 

S :=tp' + ^ c„ (ip o cr„)' (17) 

is not identically zero. Moreover, if tp is of odd degree and J = u~ l (u> c ) 3 0, then S is not 
an odd function on J Ci (— J). 

Proof of Claim. Note that S can be analytically continued to a holomorphic function de- 
fined on Cj := (C\R) U J. The basic idea is to show that around oo, the <p' term in the 
series expression of S is dominating. To this end, take an arbitrary z e Cy \ V a , and let n, 
be the minimal integer such that cr n Xz) e Q~ (V a )- The existence of n z is guaranteed by 
the fact that the Fatou set of Q a equals to the attracting basin of infinity, and the backward 
<2 fl -invariance of V a implies that <r„(z) £ Q^^Ya) if and only if n < n,. Then we can apply 
Lemma 2.5 to z for m = m\. Firstly, when n < n z , by ( [T0| , 

| (tp o 0- n )' (Z)\ < C ■ 2- m " 1 \ z f^-2--'"-l 



Secondly, when n > n~, by ( 1 1 



\(<pocr n y (z)\<C-2- m ^X n f n Izf" 1 "- 1 . 

Here C > is independent of z or n. Since \c„\ < 4"~ l and 2"' 1 > A g > 4, combining the 
two inequalities above, we have: 



lYjCnteoo-n)' (Z)| < C ■ \Z\^- 2 " 
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where C" > is independent of z. On the other hand, as \z\ — > oo, \<p'(z)\ x |z 
Therefore, 



lim 



S(z) 



z&Cj if'(z) 

\Z\— *°G 



L. 



deg ^j— 1 



(18) 



Now we can complete the proof. Since ip is non-constant, 
be identically zero, i.e. the first statement of the claim holds. 



|T8j» implies that S cannot 
When tp is of odd degree, 



\<fi'(z) + ip'(—z)\ is bounded away from zero as |z| — > oo. When e /, 



is a domain 



containing and symmetric about 0. These facts together with ( 18 i imply that for z e 
Cyn(-y), \S(z) + S(-z)\ is also bounded away from zero as \z\ — > oo. The second statement 
of the claim follows. □ 

Now let us prove (ii) and (iii) with the help of the claim. To start with, let us clarify 
the relation between the family T and functions in the form of $V7\ . Given a> e Pq and 
T = (0°Ti)' + 2,^2 c n(<P T n y e Taj, denote J\ = u~ 1 (j\(lS)) and let S = T o(hou)- (ho a)' 
on J\. By definition, <poT„ohou = (po o„-\, where cr = id y, and g o cr„ = o n -\ on 
J i, Vn > 1. It implies that S 



H7=\ c n+i( t P ° h as me form of ( 17 1 and it is 



l CPo). 

= T o (h o u) ■ (h o u)' on u~ 1 (t\(u))). The 



automatically well defined on / D J\ with 7 e w' 
To prove assertion (ii), for each T e 7"^, let 5 
claim says that S is not identically 0, which implies that t T^. The rest of assertion (ii) 
follows from this fact and the compactness of easily by reduction to absurdity. 



To prove assertion (iii), by reduction to absurdity, for appearing in ( 16 1, suppose that 



T + = T on h(a£). Define S 
the form of 



(<p' + D ■ T) o u ■ u' on J = u (u) c ). By definition, S has 



17 1, and S = T + o (h o m) ■ (/; o u)' on m (w*). By the assumption T + = T on 



h(co*), we have: 



on 



w _1 (^), 



S — T o (h o u) ■ (h o u)' — S o y ■ (y )' 
where y~ is defined in ( 13 1 and y~ — - id on m _1 (<jj^) . It implies that S is an odd function 



on J n (-7), which contradicts to the claim and completes the proof. □ 

Remark. It should be noted that without assuming that <p is of odd degree, the second 
statement of the claim in the proof of Lemma [276] and therefore assertion (iii) in Lemma 
2.6 could fail in general. For example, given c e [-4,4], let <p(x) = g(x) + cx and let 



S - <f' + 2r=i( _c )"(^ ° ^n)' m tne f° rm °f ( 17 1. Then actually S = g' is an odd function. 

2.5. Building expansion. Here let us summarize some useful results from ifTTI Lemma 
2.4, 2.5] and their proofs. It should be noted that these results are only based on the skew- 
product form of F and the Misiurewicz-Thurston property of Qb, i.e. they are irrelevant to 
choice of h and (p. 

Lemma 2.7. There exist constants 5 t > 0, C* > 0, 1 < cr < 2 and an integer N a with 
cr Na < oc < 4 N ", such that when a is small, for an orbit (0/,y,) = F'(8,y), (0,y) G l a x h, 
i = 0,1,..., the following statements hold. 

(i) If \y\ < 2 y[a, then \y^\ > 6*, k = 1, . . . ,N a . Moreover, for each < r\ < j, when a 



is small enough, 



d.f Na 



dy 



(0,y) 



> \y\a- l+, >. 
dfk 



(ii) If\yi\ > y[a,i = 0,\..,,k-\, then 



then 



dfk 
dy 



dy 



(e,y) 



> C* -\facr k . If in addition, \y^\ < 6*, 



(0,y) 



> Co*. 
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Following [5 1, in the whole paper, we shall fix 

logcr 



' 8 log 32 

This choice of rj is only used once for proving the first Claim in Proposition [42] 

3. Admissible curves 

In this section, following previous works, we shall introduce the concept of admissible 
curves, which are images of horizontal curves under iteration of F. Then we shall study 
analytical properties of admissible curves and show that they are nearly horizontal but 
non-flat. 

To begin with, let us give some frequently used notations. Given a curve X : I — > R 
defined on some interval /, denote its graph by X, i.e. X = {(8,X(8)) : 8 e I}. Note that 
X and X are determined by each other, and by abusing terminology, both of them will be 
called curves. For h : I — > J, diffeomorphic, I c I, J - h{I) and X : I — > R, F(X\i) denotes 
the graph of the curve defined on J by h{6) i-» f\ (8, X(8)), 8 e /. 

Now we can specify the precise meaning of admissible curves in our situation. 

Definition 3.1 (Admissible Curve). An analytic function X defined on some ai e Pq is 
called an admissible cuvrve, if there exist y e It,, n > 1 and a> n e P n , such that for the 
horizontal curve Y = y, X — F n (Y\ bln ). 

Remark. By definition, if X is an admissible curve, then F"(X) splits into a union of ad- 
missible curves for each n e N. 

The main result of this section is: 

Proposition 3.1. There exist Iq e N and A > B > 0, such that when a is sufficiently small, 
any admissible curve X : a> — > R satisfies that 

'o+l k 

Aa > V \X {i) (0)\ > Y \X {i) (8)\ > Ba, V0 e a>. (19) 

!=1 !=1 

To prove Proposition |3.1| the basic idea is to approximate the derivative of admissible 
curves by functions in the family T , which is guaranteed by: 

Lemma 3.2. For each I e N, there exist C, > 0,i — 0,1, ... ,1, such that the following 
statement holds when a is small enough. Let co € Vq and let X : a> — > It be an admissible 
curve. Then there exists T e 7~ w , such that 

|(X* - aT) (0 (8)\ < da 2 , V6» € o, V0 < i < I. (20) 

Moreover, for each u)\ e Pi with lo\ c lo and each 8q e /i(a»i), if we denote X\ = FiX^ ), 
t = (h\ Wi y l and 

Ti = (<p o t)' + Q' b (X(T8 Q )) ■ T o T ■ r' on h(oj x ), (21) 
then T\ e 7"/,( Ml ) and ( [20^ still holds when (X, T, u) is replaced by (X\, T\,h(u\j). 

Proof. By definition, X is the F" image of a constant curve Y = y for some n > 1 and 
y e If,. When n — 1, X = a<f> ° tq + Qi,(y) for some inverse branch to of hr x defined on a>. 



Since T :- {(po tq)' e 7~ w and X' = aT, (20 1 holds automatically in this case. To prove the 



lemma in full generality, by induction on n, it suffices to prove the following statement: for 
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each I e N, there exist C, > 0, i = 0, 1, . . . ,1, such that if X' - aT satisfies d20|, then for T 



defined in (21 1, T 1 € T, 



K<ot) 



and 



\{X[ - aT{f>{9)\ < da 1 , V0 e h(o)i), V0 < i < I. 



(22) 



For the 8q appearing in the statement of the lemma, denote yo = X(t6o) and D 
Q'b(yo) - _ 2yo- Since |D| < 4, by the definition of T, obviously T\ e T/,^,). Because 



Xm = a<p(T0) + Q h (X(T0)), V0 e him), 



it follows that 



X[ - aTi = [D ■ (X' - aT) - 2(X - y ) ■ X'] o t • V on h{cj{). 



(23) 



To complete the proof, we only need to show that X' { - aT { satisfies (22 1. To this end, 
let us show the existence of C, inductively on i. Firstly, when i = 0, by ( 23 1, 



\\X[ - aTr\\ < \D\ ■ \\X' - aT\\ ■ ||r'|| + 2||X'|| 2 ■ ||r'||. 
Here and below || • || denotes the maximum modulus norm of functions. Note that \D\ < 4, 



t'|| < A; 1 , \\T\\ < A (by ( 14 1) and ||X'|| < \\X' - aT\\ + a\\T\\. Therefore, 



\\X' - aT\\ < C a 2 



\\X[ -aTi\\< A g l [4C + 2(C a + A Q ) 2 ]a 2 . 



3A 2 

j^, then when a is small, X' { - aT\ 



It follows that, if we choose Co large, say Co 
satisfies |20} for i = 0. 

Now assume that for some 1 < j < I, Co, C\, . . . , C ; _i have been chosen, so that X' x —aT\ 
satisfies (22 1 for < i < j - 1. Let us determine the choice of Cj, Differentiating (23 i j 



times, we obtain that 



(X\ - aTi) U) = [D ■ (X' - aT) u) - 2(X - y ) ■ X (j+1> ] o r • (r') /+1 + Pj + Qj- (24) 

Here Pj is a linear combination of (X' - aT) (l} o r, < i < j - 1, and Qj is a homogeneous 
quadratic polynomial of (X - yo) (;) ° t, < i < j. For both P, and Qj, their coefficients 
are polynomials of t®, 1 < i < j + 1. By M, ||r®|| < By 



\\(X' -aTf>\\<C ia 2 , i = 0,...,j 
such that 



lir®|| < A,-. Moreover, 
1. Therefore, on the one hand, there exists M, > 0, 



ll^ll + IIGjII < Mja 2 



On the other hand, 



||X - y |l < WW < A a + C a 2 and ||X 0+1) || < ||(Z' - aT) 



+ aAj. 



Substituting the inequalities above into (24 1, we can conlude that if \\(X' - aT)^\\ < CjO 2 , 
then 



\\(X[ - aT^W < A~ j ~ l [4Cj + 2(A + C a)(Aj + C ja )]a 2 + Mja 2 . 

As a result, if we choose C,- large, say C,- = 2Mj + A^Aj, then when a is small, |20| holds 
for X' { - aT\ with i = j, which completes the induction, and hence the lemma follows. □ 



Now we can deduce Proposition 3.1 from Lemma 2.6 and Lemma 3.2 
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Proof of Proposition 3.1 Let Iq, B be as in Lemma 2.6 let A = 2 £ V A,-, where A,'s are 



given in ( 14 1, and let Co, C\, . . . ,Q be determined by Lemma 3.2 for I = Iq. Assume that 



a is so small that (7 + < min{A/2, B), i = 0, 1, 

By Lemma 



, /(> and that Lemma|3.2|holds for 



3.2 there exists T e T M , such that X' - aT satisfies (20 1 for / = Zq. Due 



T satisfies (fl4]> and \\5) . Then the choice of constants in the previous 



to Lemma |2.6 

paragraph guarantees that ( [T9] > holds for X. 

As a direct application of the non-flat property of admissible curves, we have the fol- 
lowing control of recurrence to \y\ < a, which is an analogue of [5 , Corollary 5.4]. 

Corollary 3.3. There exists e* > 0, such that if a is sufficiently small, then for any admis- 
sible curve X defined on oj £ Pq and any < e < £*, we have: 



[Oeoj: \X(ff)\ < ae}\ < e 2l « . 



(25) 



Proof. By (19i, for any O e a>, there exists 1 < i < l Q with \X & (d )\ > Ba/l Q . Since 



< Aa, it follows that if \6- O | < then \X (i) (0)\ > ^. Therefore, we can divide 
u> into a disjoint union of intervals Jj, j — 1, 2, . . . , m with the following properties: 

• there exists 1 < ij < l , such that \X (, '\0)\ > ^ V6» e Jj. 
Then m < ^f^, and by Lemma 5.3], for any 1 < j < m and any e > 0, 



[6 e Jj : \X{0)\ < ae)\ < 2''< +1 



2jo£ 
B 



Let M = max 



1 < j<m 



2 , v+ i 



Then 



\\ 6eto: \X(9)\ < ae)\ < mMe'« < — Me'i , Ve e (0, 1). 

B 

j_ 

Choosing e, e (0, 1) with ^^-Mel' < 1, the conclusion follows. 



4. Critical return 

The crucial ingredient in proving that F is non-uniformly expanding is to control the 
approximation of a typical orbit to the critical set I a x {0}. For this purpose, we shall show 



that F satisfies the so called slow recurrence conditions in Proposition 4.3 Following 
ITTTI |3, the key step to deduce these conditions is to prove Proposition 4.2 which is an 
analogue of IfTTI Lemma 2.6] or [5 Proposition 5.2]. 



4.1. A technical proposition. To begin with, let us prove the following lemma as a sub- 
stitution of [11 Lemma 2.7] or [5, Lemma 5.5]. 

Lemma 4.1. There exist M, e N and eo > 0, such that the following statement holds 
when a is sufficiently small. For each admissible curve X defined on loo € Pq, there exist 
of € P Mr with cj* c (o andh M -{aj + ) = h M >(oj-), such that for Z* = F M >(X\ W ±), 



sup \Z + (6) - Z-(0)\ > e a. 

fledom(Z±) 



(26) 
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Proof. Recall the notations co c and introduced just ahead of Lemma 2.6 Since h is 
topologically exact on I a , there exists Mq e N, such that h M °(u>o) = I a for each w () e !P . 
In particular, given wo 6 ^o, there exists w e Pm oj suc h that w c o»o and h Mo (aj) = a> c . 
Denote ,F Mo (X| w ) by F and denote D = Q' b (Y{0)). Since Y is admissible, according to 
Lemm a |3.2| there exists T e Toj c , such that F' - aT satisfies (20 1 for I = 0. 

Let Z ± = F(Y\ l0 ±). Then both of Z ± are admissible curves defined on h(a>^). Therefore, 



for T ± G 7~h(a>±) defined in ( 16 1 with T and D given in the previous paragraph, by applying 
Lemma 3.2 again, one can see that (Z*)' - aT ± also satisfy (20i for I = 0. According to 



(iii) of Lemma 2.6 and the compactness of Tft^j), there exists e\ > 0, independent of T ± 
such that 



sup \T + (0)-T-(0)\ >2ei. 

8eh(w±) 



By (20 1, ||(Z ± )' - aT^ < C a 2 . Therefore, when a is sufficiently small, it follows that 



sup |(Z + )'(0) - (Z-)'(0)| >e x a. 



Due to ( 19 1, KZ*)"] < Aa on /j(w^). Then it is easy to see that (26 1 holds for M, 
and suitable choice of eo- 



M + 1 
□ 



The proposition below is the substitution of 1 1 1 1 Lemma 2.6] or [5 , Proposition 5.2] with 
the same idea of proof. We shall follow the proof in Q. The main change of ingredients 
here is to replace [5 , Corollary 5.4] and Lemma 5.5] with Corollary [33] and Lemma [4~T] 
in this paper respectively. 

Denote 



M a 



lOg; 



log 32 

Note that for A^„ introduced in Lemma 



and ro(a) 



2/7 log 



1 



2.7 



we have M a < ^N a . 



Proposition 4.2. There exists /3q > 0, such that when a is sufficiently small, for each 
admissible curve Y defined on a>o € fo an d each r > ro(a), we have 

\{6 € W() : \f M J0, Y(6))\ < VSe- r }| < e^ r . (27) 

Proof. When r > \h + 2r]^ log i, y(ae~ r < a l+2:i . Since F M -{Y) splits into a union of 
admissible curves, the conclusion follows from Corollary [33] and Lemma [2~4] immediately 
by choosing /3o appropriately. Otherwise, it suffices to consider the case r = ro(a) and let 
us follow the argument in [5]. Without loss of genarality, we can assume that there exists 
Zo = (&o, yo) on Y, such that |/m„(zo)I ^ V^- F° r eac h ' - 0, denote Zi - F'(zq). Then by 
(ii) of Lemma[2~7] 



i df Ma -i 
1 dy 



(Zi)\ > Cc 



M(a)-i 



< i < M a . 



(28) 



Let us summarize some basic estimates of distortion in [5| with slight modification. 
Let y, = Q' h (yo), i > 0. Recall the constant A in ( 19 1 and let L = max{l, A\I a \). Denote 
Bj = [ yi - yLa,yi + 5' La], i > 0. Then 
. e^,)cB, +I ,V/>0; 

• fi(Y) c B h V/ > 0; 

• Bj n [- yfa, yfa] = 0, < i < M a . 
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It follows that for < i < j < M a , 

j 

V sup |log \Q' b (y)\ - \og\Q' h (y')\\ < log 2. (29) 

Following 13, let us define some notations and constants. Firstly, let cF = -\fcr and 
introduce 

Aj = f-^-iZjii^- 3 > C t a M{a) -\ 0<j< M a . (30) 



8y 

Then obviously Aj/Aj+i = \Q' b (fj(zo))\ /<r < 4, < j < M a - 1. Secondly, recalling the 
constant M, appearing in Lemma 4. 1 let k > 4 M * be a constant satisfying that 

k(4- m -- 1 k£ Q - 2A\I a \ - 8(1 - a^ 1 )" 1 ) > 3. 
Thirdly, let = t\ < ti < ■ ■ ■ < t q < M a be all the times such that 

f, + i := max { s : t, < s < M a , A,. < 2kA s } . 

By definition, 

• A, < 2k; 

• Aj < A tM when t i+l < j < M a ; 

• f < A tt /A tM < 4''*'-'' t M > tj + M*. 

Finally, let 

ko(a) := max{ 1 < i < q : A k > 2^ ro(ff) / Va} • 
Following Claim 1 in the proof of |5 Proposition 5.2], we have: 

Claim. When a is sufficiently small, 

k (a)> m) (a)/\og(2K). (31) 

Proof of Claim. By definition, A,. < 2kA, m , i = 0,1, , . . ,q — 1. Because A t < 2k, by the 
choice of k (a), k (a) < q and hence 

2Ke- ro(a) l > A %laHI > (2K)- ko(a) A ll > C t ■ (2K)- ko(a) ■ W M " . 

Recall that r Q (a) = {\ - 2r])\og(l/a), M a = o 1 = ^ and tj = The 

conclusion follows. □ 

Denote 

E:={0e coo : \f Ma (e, Y(0))\ < V^e-' o(a) }. 

Then our aim is to prove that there exists jSo > 0, independent of Y, such that when a is 
sufficiently small, \E\ < e^ ara ^ a) . For each 1 < i < ko(a), define 

Q,- := { co e ( P U : U n E + } and E t :- U weni ZZi . 
By definition, nf° ( ff) £, D E. 

Claim. For each 1 < i < ko(a) and each coi € Q,-, there exists co e t Pt M > such that co c coi 
and oj n E = 0. 
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Proof o f Cla im. Given <y,- € Q,, F,- : = F'^Y^) is an admissible curve. According to 
Lemma 4.1 there exist to* e <P M , with a> ± c h u {cji) and h M -(a> + ) = h Mt (u>~) := J, 
such that for Z ± = F M -(y,L ± ), (26 1 holds. Since f, + Af» < f i+ i, in particular, there exist 
cof +1 e 9 tM , such that wf +1 c ai b h'< +M *(a>+ +l ) = # i+Af *(w7 +1 ) := 7 c /, and 



sup |Z + (6») - 2T(0)| > e a. 

BeJ 



(32) 



Denote f, + i - f, - M, by n temporarily. By definition, given 6 e dom(y^j), there exists 
6 e 7, such that h n (0 o ) = 0. Due to ((25]), 

l^iW " F r + i(^)l = \M0o,Z + (0 o )) - f n (0 o ,Z-(0o))\ > \\^(z,, +M ,)\ x \Z + (0 O ) - Z-(0 O )I, 
where 



(Zr i+ M») > 4" 



-M 



1 3y 



Then ( 32 1 and the two inequalities above imply that 



X V M 



sup 1^,(0) - Y M (0)\ > --p—e Q a. 



(33) 



For t i+[ < j < M a , define 



A,:= inf \fj(0 + ,Y(0 + ))-fj(0-,Y(0-))\. 



By (33 1 and noting that 1(7^)'! < Aa, we have: 

1 h 



A,. , = inf \Y+{0 + )-Y7A0-)\> 
''+' 8*Edom(y*)' ,+lV ; ,+lV n 2 4 M *A,^ 



£o a - 2A\I a \a > (4~ M -- Ve - 2A|7j) a. 

(34) 

As in the proof of |5] Proposition 5.2], denote Dj = min veB . I21(y)l- Since 



Aj+i > DjAj - 2a, 



by induction, 



M„-\ M„-\ \ 



Am„>A,, +1 Y\Dj-2a 1+ J ([I ') 

/=f>+i V 7=«j+i+l /=;' 



By (29 • and(30i , 



M a -1 



^ M "--72 < Y] D, < 2Aja M "- j . 

H 

Noting that At < A tM when j > t i+1 , combing the two inequalities above, it is easy to obtain 
that 



A Ma > A tM a M "-^{A tM l2 - 4a(l - cr 1 )" 1 )- 



Substituting ( 34 1 into the inequality above and making use of A lj+i > 2i<e ro(Q,) / ^[a and the 

Am >3e^ 0(ff) VS. 



choice of k, we have: 
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That is to say, a>* +l cannot both intersect E, i.e. the claim holds. 



Now let us return to the proof of the proposition. Let N > 2M a /ko(a) be a large integer 
independent of a. Then 



#{1 <i<ko(a):t M -ti<N}> 



k (a) 



By Lemma 2.4 there exists p > 0, only depending on N, such that for each pair a>' c a> 



with a) € P„, lo' € P n i, n < n' < n + N, we have \cj'\ > p \u>\. By the second claim, it 
follows that when f, + i < f,- + N, \E(+\\ < (1 — p) \Ei\. Therefore, 

\E\ < (1 -p) k ° (o)/2 . 



Then by (31 1, \E\ < e P oro<a ) for some constant /?o > 0, which completes the proof. □ 
4.2. Slow recurrence conditions. To make the argument slightly simpler, let us adopt the 



following weakened forms of Corollary 3.3 and Proposition 4.2 There exists < ft < 
min{ Jj-,Bo), such that when a is small enough, for each admissible curve X : a> — > R, we 
have: 

• If e < a 2 , then 



\{0€oj: \X(0)\ < e}\ < eP. 



(35) 



If e < a 1 - 2 *, then 



\{6ecu:\f M J8,X(8))\< £ }\<^. (36) 

Based on ( 35 i and ( 36 1, following the "Large deviations" argument in 1 1 1 1, we can deduce 
the following version of slow recurrence conditions. 

Proposition 4.3. There exists c > 0, such that when a is sufficiently small, the following 
statement holds. For each s > 0, there exists 6 = 6(e) e (0, 5), independent of a, such that 
when n € N is sufficiently large, 



|((0,y) el a xl b : Y log — - — > en}\ < e^^" 
I 1 y ^ S \f(0,y)\ 'I 



0</<n 
\M0,y)\<S 



(37) 



where 6 — 3 a 1 2,1 . In particular, for Lebesgue a.e. (6,y) G I a X If,, 



Mm sup - Y log 

n-^Jn & \f(8. 



0</'<« 

\M9,y)\<6 



\fi(0,y)\ 



< E. 



(38) 



Remark. It is well known that, starting from the estimate shown in ( 37 1, kinds of statistical 
properties beyond the Main Theorem can be obtained. See, for example Q), f° r a survey 
on this topic. 



4.3 



To begin with the proof of Proposition 
denote 



A = A(5) : = 



for each < 6 < h, let 6 = 5a l ~ 2r >, and 



logs 



Fix an arbitrary y ( > 6 If, \ {0}. Let 
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K = K(yo) := {0 e l a : h n {6) t u(PC a ) and f n (e,y ) * 0, Vn > 0). 
Note that 7? is of full Lebesgue measure in /„. For each k > and each 9 e 7 fl , if 9 e 7? and 
L/ifc(0,yo)l < <5, let ^.(0) be the unique positive integer satisfying 



A 



- qm -' <\f k (9,y Q )\<r g " m - 



otherwise, let quiff) = 0. By definition, either qkif) — or quiff) > A. 
Fix s > 0. For K e N, let 



K 

E K = £*(s,S,yo) 2<7*(0) > eA" 

k=\ 



By Fubini's theorem, Proposition 4.3 can be reduced to the following lemma. 

Lemma 4.4. When a is small enough, the following statement holds. Given e > 0, there 
exist < 6 < |, independent of a or yo, and Kq € N, independent ofyo, such that when 
K>K , 

|£d< V^. 

Proof. Let F denote the constant curve 7 = yo. We shall make use of the admissibility of 
pieces of F "(F) for appropriate « repeatedly. 
Given K e N, let 

E| := { e E K : 31 < < K, q k i6) > yfK } and E*. := E x \ E\. 
By definition, 

a: 

e k c U U l fle??nw:i ?* > 

t=l wen 

For each A: > 1 and each u> e T^, := F k (Y\ (l) ) is an admissible curve, and 

h\{9 eftnco: q k iff) > VI}) c {9 e h k iu) : < A"^}. 

Therefore, when K is large, say K > > by (35 1 together with (9 1, 

\{9e<Rnoj: q k i9) > V^}| < C d A/^\to\. 
It follows that, when K is large, 



(39) 



Given K > 4M^/e 2 , to estimate the size of E l K , let us denote L := 2[ V^L and for every 
< p < L - 1, define 



Al„ := { M„ <k < K :k = p mod L j 



and 
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By definition, if 8 e E l K with K > 4Ml/s 2 , then q k {0) < VZ, VI < k < K, and hence 

L-\ K ^ 

Yj Z qk(6) = Z qk{9) >eK-M a VK>—. 

p=0 keM p k=M„ 

It implies that E\ c (J^o E x Kp . 

Now let us fix K and p and estimate |£~ |. For each r = (r^keM^ denote ||r|| = Y*k r k 
and let 

E l Kp (v) :={9e E l Kp : q k {8) = r k for all keM p ). 

Claim. Provided that a is small enough, for each r e J 0, 1, . . . , [ Vx] J P , when K is 
largef independent ofyo), we have 

Proof of Claim. When ||r|| = 0, there is nothing to prove. Otherwise, let M a < k\ < k2 < 
■ ■ ■ < k\ be all the elements in Ai p with r kj > 0. For each 1 < j < I and each 8 e E l K (r), 
let J';{6) be the element in V k -M containing 8, and let J;(ff) be the element in V k +n 

J J a ° J ! <j 

containing 8. Finally, let 

= y Jft) and Q,= (J Jj{6). 

BeE^r) eeE' Kp (r) 

Since kj+i —kj > L> r kj + M a , any element of r Pk M -M„ is either contained in Clj or disjoint 
from Qj, which implies that c Q.j. 

Let us show that for each j = 1,2,...,/ and each component J', of Q'j, 

\Cl j nJ' j \<2^C d -Af rki \J' i \. (40) 
Indeed, for each 8' e CljCM'., there exists 8 e E l Kp {r) such that 8' e Jj{8). Because \h'\ > A g 

on l a and h k '(Jj(8)) e !P rt ., |/^(0) - ^(6>')l < Ag^U Since Z = /*(F|y j(fl) ) is a piece of 
admissible curve and since q k .(8) = r^., it follows that 

|Z(^(0'))l < \Z{h k >{8')) - Z(h k H8))\ + \Z{h k '{8))\ < (A\I a \ ■ a + l)A?> < 2A^ . 
Denote X : = F k '~ M <"(Y\j>). The inequality above implies that 

\f M J8, X(8))\ < 2Ag rt ' , V6» € h k >- M °(£lj n J-). 



Since r*. > A, 2A g 1 < 25 < a 1 ^. Then by ( 36 1 



\h k '- M "(njnj'j)\<2% finj . 

Due to (|9), the estimate (j40j» follows. As a result, 

\ci J \<2f i c d -A g firkJ \a j \. 

Therefore, an obvious induction on j implies that 

< 10,1 < 2*C$ ■ A^-'^'^W < V 11 
provided that a is small, and ||r|| > A is large accordingly. 
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Now let us estimate the number of possible constrained configurations of r. Given 
R £ N, define 

Q(K,p,R) :=#{r 6 jo,l,. . .,[ Vk] } Mp : ||r|| = R and E l Kp (r) * 0} . 
Claim. Given s > 0, f/iere exists Q < 6 < ^, such that when K is largefindependent ofyo), 

Q(K,p,R)<Af, Vtf>— ■ 
Proof of Claim. Since each nonzero r* is no less than A, 

min(#A1 p ,[«/A]) . 

e (^f-'r, 11 - 1 )- 

where the first binomial coefficient counts the position of nonzero r/.'s, and the second 
counts the distribution of their values. 

By Stirling's formula, R l log ( [R * A ]) — > uniformly in R as A — > 00. Therefore, by the 
definition of A, when 5 is sufficiently small, for 1 < i < [R/A], we have: 

■J^A-1)-1W Jl \ 4, 



/ - 1 / ~ \[R/A] 
Since #M P * when > VM, 



Q{K,p,R) < 2 #m "aI iR < Af. 



Otherwise, when e < R < VaZ, 



Noting that #M P < R/s, in this case the conclusion also follows from Stirling's formula, 
provided that 6 is small, and A/s is large accordingly. □ 

By combining the last two claims, we have: 

Kj ^ 2 K P (r)\ < J] V * (i - V) ^ 8 • 

rE{0,l,...,V/f) M " R ^¥l 

It follows that, for K large, 

L-l 



p=0 



which, together with ( 39 1, completes the proof of the lemma. 
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5. Proof of the main theorem 

To prove the Main Theorem, it suffices to prove the same statements for F instead of & ' . 
Recall that, when a is small enough, F maps I a x If, into itself. Apparently the interesting 
dynamics of F is concentrated on the invariant set 

oo 

A=[^F n (I a xT b ), 
«=o 

because for (6,y) outside A, f„(0,y) — > oo as n — > oo. 

Let us follow some terminology in 151. To start with, note that the base dynamics 
h : I a — > I a is a C 2 local diffeomorphism outside a finite set Ce of singularities. Let 



S g = C e x h and S, = l a X {0}. 
Then F is a C 2 local diffeomorphism outside S — Sg U <S V , the so called singular set in J3j, 
and the conditions (S1)-(S3) in [ 3 1 hold for fi — 1. The following subsections are devoted 
to showing that F is nonuniformly expanding in the sense of Q. 

5.1. Positive Lyapunov exponents. Using the same argument as in IfTTI . it is easy to de- 
duce vertical positive Lyapunov exponent from Proposition 
the vertical Lyapunov exponent at the point (6,y) where ((38 i holds. 



4.3 We only need to consider 



we have: 



Denote the F-orbit of (6,y) by {(0;,y/)};>o- Given n e N, l et < vj < v 2 ■ ■ • < v s < n be 
all the times i such that \fi(9,y)\ < -\/a. According to Lemma '. 

• - Vj > N a , 1 < i < s, and in particular n >(s - l)N a ; 

df Nai 



o "-(8v„y Vi ) 

dy 

dfv l+ i-vi-N a 



> |jv,|Q' _1+i7 , 1 < i< s; 



dy 



dy 
(Oo,yo) 



(Qvi+N„,yvi+N a ) 



> C„a- V 



and 



> C t o- v ^- v >- N °, 1 <i<s; 

dfn 



dy 



> C*\y v }^facr n - 



For s > 0, let < 6 < \ be determined in Proposition 
sufficiently large, we have: 



4.3 



Then by (38 i, when n is 



Therefore, 



2f-;n 



l<i<s 

\y,A<S 



dfn 

dy 



(0,y) 



% log cr. Note that S is determined 



Since a- N « < a~\ a-^+D^-C*-!)^ > cfi". Choose e 

by s and (s - l)N a < n, when a is small enough, \ -^-(0,y)\ > cri" for n large. Then we 

1 dy ' 

have: 



Proposition 5.1. When a is sufficiently small, for Lebesgue almost every (0,y) € l a x lb, 



lim inf - log 



dy 



> | log o- > 0. 



(41) 



Therefore, the vertical Lyapunov exponent is positive. Since the base map h is uniformly 
expanding, we have proved that F has two positive Lyapunov exponents. 
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5.2. Existence of a.c.i.p. We shall apply the results in [3, Theorem C] to obtain the exis- 
tence of an a.c.i.p. for F. By definition, 

Recall that \h'(0)\ > A g > 4 > \Q' b (y)\ on I a x I b , and hence 

\\DF(0,y)-'\\ < (I + Ca)\Q' b (y)\-\ 
where C > is a constant independent of a. Therefore, 

1 " l 1 
- V log WDFiFXO^T'W <Ca-- log 
n *—i n 



>=0 



dy 



By (41 1, for a.e. (8,y) we have 

1 " _1 

limsup - V log WDFiFXO^r'W < -{ \ogcr < 0, 

«^oo « ^ 3 

provided that a is small enough. This proves Equation (5) in (3). 

Now let us check Equation (6) in [3 |. It reads as follows: for each s > 0, there exists 
6 > such that for a.e. (6,y) we have 

limsup - V logl./i^yr 1 <e; 

>oo n 0s . <;i 



l/Ke,y)|«s 

-l 



lim sup - V log |dist(#'(0), 5 e )|" 

M— >DO W .... 



0</<H 

dist(/i i (e),^ B )«5 



< e. 



The first inequality is simply ( |38) , To obtain the second one, note that /; admits an ergodic 
a.c.i.p. fi, which is equivalent to the Lebesgue measure on I a . Then by Birkhorff's Ergodic 
Theorem, for Lebesgue a.e. 9 e 7 fl , the left hand side of the second inequality is equal 
to J dist(es )<( jlog |dist(0,»Sg)| _1 d//(60. Besides, according to (|9|, for every measurable set 

E c I a and every n > 0, |A" B (£)| < Q|/ a ||E|. As a result, ^ < C d |/ a ] on / a . Since 
Sg is a finite set, it follows that f log |dist(0, dyu(0) < oo, and hence the the second 
inequality holds when 6 > is small enough. 

We have checked that all the conditions of [3 Theorem C] are satisfied provided that a 
is small enough. Thus F has an absolutely continuous invariant measure. 

5.3. Uniqueness of a.c.i.p. As shown in Lemma 6.1 of [4 |, A = F"(I a x /&) when n > 2. 
By a similar argument as in (4, Proposition 6.2], it is easy to prove that F is topologically 
exact on A. Moreover, by [ 3 , Lemma 5.6], up to a set of zero Lebesgue measure, the basin 
of each a.c.i.p. of F" contains some disk. Therefore the a.c.i.p. of F is unique. 
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